1. Introduction 1.0.1. Let k be a field not of characteristic 2. Let (A, a) be a principally polarized Abelian variety of dimension three over k.
1.0.2. If a is indecomposable and k is algebraically closed there is a smooth genus three curve C and a k isomorphism of principally polarized Abelian varieties (Jac(C), λ Θ ) ∼ = (A, a).
However, if k admits quadratic extensions, then such a C need not exist.
1.0.3. Let A 3,1,4 be the fine moduli scheme of principally polarized Abelian varieties with a symplectic level 4 structure; it is a scheme over Z[ ), Jean-Pierre Serre suggested that something like Theorem 1 should be true. The square root of χ 18 is essentialy the mysterious square which Serre refers to at the end of his paper [12] .
2)The vanishing of χ 18 (A, a) is a classically known fact for the corresponding Siegel modular form on the Siegel upper half plane. Similarly, it is classically known that χ 18 (A, a) is a square as it vanishes with multiplicity 2 on the locus of hyperelliptic Jacobians ( [3] ). However these classical facts are strictly complex analytic and do not apply to the scheme A 3,1,4 without further techniques.
3)In fact we define χ 18 as the product of the 36 even theta nulls. This accounts for the 36th power λ. 4)In Lemma 2 we show the existence of a line bundle L on the universal Abelian scheme with a level 4 structure which gives the universal principal polarization. We define ϑ 0 0 to be the pullback of a global section of L via the zero section O.
1.0.5. This paper is organized as follows: in section 2 we give the basic definitions we need. Because we do things over an arbitrary base scheme, this section is rather more complicated than basic intuitions suggest. For example, we must explain what the Picard functor is and when it is representable.
In section 3 we prove that an Abelian scheme with a principal polarization and a level 4 structure has a symmetric relatively ample line bundle. This is a fact we could not find in the literature. It is a consequence of descent theory. However we prove it by using Mumford's theta group. As will be explained in section 3, this group is itself a descent gadget.
Using the existence of a symmetric relatively ample line bundle, we define theta nulls and χ 18 . We see immediately from our definition that parts c and a of Theorem 1 hold.
In section 4 of this paper we recall a result of Oort and Steenbrink on the Torelli morphism. This allows us to show that χ 18 satisfies b and d of the above theorem. 2 . We will write k for a field not of characteristic 2 and we write k s for a separable closure of k.
Let X and T be S schemes, we will write X T for the fibre product
A capital A will usually refer to an Abelian variety or an Abelian scheme over some scheme S which should be understood from the context. Likewise a capital C will refer to a smooth curve of a fixed genus g, either over a field k or a scheme S. Such families of Abelian varieties or curves will always be smooth and proper.
A curly letter A or M will always denote a moduli scheme. The letter A is reserved for moduli of Abelian varieties and the letter M for moduli of curves.
The Jacobian of a curve C will be written as Jac(C) and its theta divisor, when it exists, as Θ. The principal polarization induced from Θ will be written as λ Θ .
The gothic letter t will refer to the Torelli morphism.
We write G m , µ N and Z/N for the group schemes over Spec(Z[ 
respectively. Let ζ N be a primitive N th root of unity and let S = Spec(Z[
. For each N we fix throughout this paper an isomorphism
2.2.
Abelian schemes and families of curves. Let S be a scheme. An Abelian scheme is a smooth proper morphism π : A −→ S with a section O : S −→ A so that a) A is a group scheme and b) the geometric fibres of π are connected projective varieties. This necessarily implies that the geometric fibres of π are Abelian varieties and that the group law on A is commutative.
A family of genus g curves is a smooth proper morphism f : C −→ S whose geometric fibres are connected genus g curves.
2.3. The Picard scheme.
2.3.1. Let π : X −→ S be a flat morphism of schemes which is locally projective in the Zariski topology and whose geometric fibres are integral. Consider the absolute Picard functor Pic(X)(T ) := {invertible sheaves L over X T }/ ∼ =T . Pullback via π yields a natural transformation of group valued functors
We define the relative Picard functor as
Let Picé t (X/S) denote the sheaf associated to Pic(X/S) over theétale site.
Theorem 4.8 of Kleiman ([5] ) tells us that the functor Picé t (X/S) is representable.
In particular this theorem applies to the case of π : X −→ S equal to either an Abelian scheme or a family of genus g curves.
2.3.2. We will write Pic τ (X/S)(T ) for the component of Pic(X/S) containing the identity (cf. [7] p23). Now assume that π : X −→ S is either an Abelian scheme or a family of genus g curves.
In case S is Noetherian Corollary 6.8 and Proposition 6.9 of Mumford ([7] p118) tell us that Pic τ et (X/S) is a projective Abelian scheme. We explain how to reduce to the Noetherian case in the following section.
2.3.3. If S is non-Noetherian we may reduce to the Noetherian case(see 2.3.3.) in the following way: First note, by the sheaf property, that it is necessary and sufficient to consider affine S.
Then if S = Spec(R) and π : X −→ S is Zariski locally projective, there is a finitely generated
Let r 1 , · · · , r m be the coefficients of the generators of I.
When f : C −→ S is a family of curves we will write Jac(C) or Jac(C/S) for Pic τ et (C/S). When π : A −→ S is an Abelian scheme we will write A t for Pic
The definition of Pic(X/S) makes life difficult in certain applications. When π : X −→ S has a section s : S −→ X, this difficulty can be removed by choosing for each coset of Pic(X)(T )/π * Pic(T )(T ) a canonical representative.
Indeed given L and its coset
consider the line bundle 1 This unusual definition is forced on us by our convention that all schemes are over Z[ 1 2 ].
and there is a canonical isomorphism
Moreover, given any other element
we have an isomorphism
This yields a natural transformation
This morphism is surjective since if (L, φ) is a pair as above then M (L) is isomorphic to L in a way which is compatible with φ.
We call a pair (M, φ) a rigidified line bundle.
When π : X −→ S is an Abelian scheme we will use this alternative definition of Pic(X/S) with O as the section s.
2.4.
Isogenies, polarizations, the Weil pairing and level structures.
Let
A and B be a Abelian schemes over S of relative dimension n. An isogeny
is a morphism of group schemes over S which is surjective. The kernel of λ will be denoted as
this is a finite group scheme over S. For a positive integer N we will write
for the isogeny which adds a point to itself N times.
A polarization of an Abelian scheme is an isogeny
which has the following form at each geometric fibre A p of A: there exists an invertible sheaf L p on A p so that
p . We call a polarization principal if it is an isomorphism.
It need not be the case that there is an invertible sheaf
. However, given a polarization a there does exist( [7] , p121, Proposition 6.10) an L over A so that
where λ(L) is given by the obvious formula
We are able to define λ(L) in this way because of our definition of Pic as in 2.3.5 (see [7] p120-121 Def 6.2 Prop 6.10 for another definition). In this case we write H(L) for the kernel of the polarization λ(L).
Given a principal polarization a : A −→ A t Cartier duality([10]) yields a pairing
This is called the Weil N pairing; it is symplectic and non-degenerate.
2.4.5. A symplectic level N structure or just a level N structure on a principally polarized Abelian scheme (A, a) is an isomorphism of group schemes
A level N structure on a family of curves π : C −→ S is a level N structure on its Jacobian variety.
2.5. Moduli schemes, modular forms, and the Torelli morphism. In this section we permit schemes S which are not defined over Z[ Similarly, there is a universal principally polarized Abelian scheme of relative dimension g with a symplectic level N structure.
2.5.3. Let π : A −→ S be an Abelian scheme and let Ω A/S be the sheaf of relative Kähler differentials on A.
A modular form of weight ρ is defined to be a section of the bundle
2.5.4. Let C/S be a family of genus g curves. The Jacobian has a canonical polarization (see Prop 6.9 [7] p118)
Moreover if C/S has a section s : S −→ C then λ Θ is obtained by applying the Picard functor to the morphism
This follows from the proof of Proposition 6.9 in [7] .
2.5.5. For N ≥ 3, we therefore have a morphism of fine moduli schemes
which we call the Torelli morphism.
3. Mumford's theta group, existence of a principal line bundle and the definition of χ 18 3.1. Mumford's theta group as a descent gadget.
3.1.1. Let A and B be Abelian schemes over S, let λ : A −→ B be an isogeny and let L be a line bundle over A.
We are interested to know when there exists a line bundle M over B so that λ * M ∼ = L. When such an M exists we say that L descends via λ to M .
Consider the cartesian product
We will write p 12 , p 13 and p 23 for the three distinct projections
The following conditions turn out to be necessary for L to descend 1 there is an isomorphism φ :
with φ an isomorphism satisfying condition 2 above a line bundle with descent datum with respect to λ. Line bundles with descent datum form a category in an obvious way and there is an obvious functor from the category of line bundles over B to line bundles over A with descent datum with respect to λ. A special case of Grothendieck's descent theory states ([1] p134 Theorem 4) that these two categories are equivalent.
3.1.2. Let K be the kernel of λ. We have isomorphisms
We define two morphisms m : A × B K −→ A and p : A × B K −→ A by m(x, y) = x + y and p(x, y) = x. Then i gives an isomorphism of (A× B K, p, m) with the fibre product (A× B A, p 1 , p 2 ) of (λ : A −→ B, λ : A −→ B).
Then i and j identify p 12 , p 13 and p 23 with following morphisms
The condition for M to descend via λ can then be restated as 1 there is an isomorphism φ :
In other words, L descends to B if there is an action of K on L. The Mumford theta group G(L), which we define in 3.1.3., gives a way of encoding all possible actions of such a K on L.
Now assume that L is relatively ample. Let H(L) be the kernel of isogeny
is endowed with the structure of a group
There is a natural projection
G(L)(T ) → H(L)(T ) and the kernel of this map is naturally identified with G m (T ). Hence we have a short exact sequence
Since G(L)(T ) is a functor, it is also a scheme and is represented by the scheme
We call G(L) the Mumford theta group of L.
Given a subgroup scheme K ⊂ H(L) an action of K on L is equivalent to giving a subgroup schemeK of G(L) which is isomorphic to K under the canonical projection from G(L) to H(L).
Thus Grothendieck's descent theorem tells us: for a fixed subgroup scheme
3.2.
Existence of a symmetric invertible sheaf of degree 1.
Let π :
A −→ S be an Abelian scheme with a principal polarization
and a level 4 structure 
We first show that a lift of A[2] ⊂ A[4] to G(M ) exists. As we will see, this is possible as
M = L ⊗ [−1] * L.
To lift A[2]
to G(M ) we proceed as follows. Let x 1 , · · · , x 2g be generators of A [2] (S). For each x i we want to find a lift g i ∈ G(M )(S) so that g 2 i = 1 and g i g j = g j g i . Then the subgroup of G(M ) generated by the g i is a lift of A [2] . The commutativity condition is satisfied for any lifts g i and g j of x i and x j as
where 2y i = x i and 2y j = x j . In order to obtain lift g i of x i so that g 2 i = 1 we construct a lift h i so that h
We construct such a g i in the following way. Since ker(λ(L)) = A [2] we have H(L) = A [2] . Therefore we may lift x i to γ i ∈ G(L).Note that γ i has the form
Consider the following functors from the category of line bundles on A to itself:
Then F and G are naturally isomorphic, and we will write ξ L for a natural isomorphism from F to G. We also note that
Consider the following element of A t (S):
And put
We have therefore proven the Lemma 2. Let (A/S, a) be a principally polarized Abelian variety with a level 4 structure. Then A/S has an invertible sheaf
3.3. Line bundles on Abelian schemes, theta nulls and modular forms. Let (A/S, a) be a principally polarized Abelian scheme of relative dimension g with a level 4 structure and let L be a symmetric invertible sheaf on A/S so that
3.3.1. Proposition 6.13 of [7] tells us that π * L is locally free over S of rank 1. Following Moret-Bailly([6]) we define the sheaf of the zeroth theta null
Let p ∈ A[2](S)
; let x be a geometric point of A in the image of p. Let I be the sheaf of ideals corresponding to the locally effective line bundle L. This means that I is the dual of L.
Let O A,x be the local ring of A at x. We say that p is even if dim k(x) O A,x /I x is even for every such x.
3.3.3. It is not clear that even p exist. We therefore offer an alternative characterization which proves their existence if A/S has a level 2 structure.
The line bundle p * L is effective with a unique non-zero global section s(up to multiplication by O * S (S)). Moreover we have an isomorphism
which induces an involution on p * L. Let ǫ : S −→ µ 2 be the morphism giving the action of this involution on s.
We claim that p is even if and only if ǫ is constant.
Indeed, let x be a geometric point of A in the image of p and let f be an element of O A,x which generates I x . Then
This shows the two notions are equivalent.
The existence of even p then follows from the fact that each fibre of A/S has even two torsion points, and such points must be the pullback of a global two torsion point if A/S has a level 2 structure. 
3.4. Definition of χ 18 .
3.4.1. Let π : A −→ S be an Abelian scheme with a level 4 structure and a principal polarization a. Let L be a symmetric line bundle defining a.
The sheaf π * L is locally free of rank 1( [7] ) and relatively ample. This means that it is locally effective and therefore has a global section s ∈ π * L(S). We canonically identify s with a section of L(A).
We therefore define 2 Since Θ = {p + q − u} ⊂ Jac(C)(k s ) with 2u = K C and h 0 (u) even we have that h 0 (x + u) is even and x + u = p + q for some p, q ∈ C(k). Hence there is a morphism f : C −→ P 1 with polar divisor p + q. Thus f is 2 : 1 from C to P 1 . Such f is unique up to an automorphism of P 1 and hence x is also unique.
It is a global section of det(π * Ω A/S ) 18 ∼ = T H 36 g and vanishes with multiplicity 2 on the locus of hyperelliptic Jacobians, it will also vanish on locus of Abelian three folds with a decomposable polarization. This shows parts a and c of Theorem 1.
4. The Torelli morphism 4.0.2. Let N be an integer ≥ 3 and let M g,N be the fine moduli space of smooth genus g curves with a level N structure. Let A g,1,N be the fine moduli space of principally polarized Abelian varieties of dimesension g with level N structure.
Let t : M g,N −→ A g,1,N be the Torelli morphism.
A point x ∈ M g,N (S) corresponds to a pair (C, α) where C is a smooth proper family of genus three curves over S and β is a level N structure for its Jacobian variety.
Unless C is hyperelliptic(i.e. all its geometric fibres are hyperelliptic curves), there is no automorphism of C which takes β to −β. We therefore have a non-trivial involution
given on S valued points by the formula
Moreover, the fixed locus of τ is precisely the hyperelliptic locus. Oort and Steenbrink( [9] ) have show that i is a locally closed immersion and that it is 2 : 1 onto its image. 4.0.3. In particular the moduli spaces M g,N and A g,1,N are known to be smooth, which means they are locally regular.
Let U i be an affine cover of M g,N so that U i = Spec(R i ) with R i regular. Assume further that τ (U i ) = U i .
Let R τ i be the ring of invariants of R i under the action of the group τ .
Since R i is locally regular, one may show that R i is free of rank 2 as an R A3,1,4 ) is given by g ij and is trivial, as the g ij are ratios of 4th powers. This may be seen in the following way: we may take the R i finite in number and thus the i as integers 1, · · · , m.
We put ǫ 1 = 1 and ǫ i1 = g i1 .
Then
g ij = ǫ i ǫ j as the g ij satisfy the 1-cocycle condition.
Hence γ lifts to a global section c of A * 3,1,4 and is thus an element of Z[ 3 Here the author is indebted to Marius van der Put for pointing out to him that such a ∆ i existed and that ∆ i and ∆ 2 i vanished with the stated multiplicities on the hyperelliptic locus of M g,N and V g,N respectively.
